Avian Spirochaetosis is an acute endemic tick-borne disease of birds, caused by Borrelia anserins, 2 a species of Borrelia bacteria. In this paper, we present a compartmental Mathematical model of the 3 disease for the bird population and Tick population. The model so constructed was analyzed using 4 methods from dynamical systems theory. The disease steady (equilibrium) state was determined and the 5 conditions for the disease-free steady state to be stable were determined. The analysis showed that the 6 disease-free steady state is locally stable if d ≥ τB and δ ≥ τT , that is, the natural death rate of birds (d) 7 will be greater than the per capita birth rate of birds τB and the death rate of tick δ) is greater than the 8 per capita birth rate of tick τT . This means that for the disease to be under control and eradicated within 9 a while from its outbreak, the natural death rate of birds d will be greater than the per capita birth rate 10 of bird τB and the death rate of tick δ is greater than the per capita birth rate of tick τT . It was also 11 proved the disease-free equilibrium (DFE) and the endemic equilibrium (EE) are globally stable using 12 Lyaponov method. Three control measures were introduced into the model. The optimality system of 13 the three controls is characterized using optimal control theory and the existence and uniqueness of the 14 optimal control are established. Then, the effect of the incorporation of the three controls is investigated 15 by performing numerical simulation. 
with initial conditions:
Proof. We assume the associated parameters of the model (2.1) are non negative for all time t > 0. To show that all feasible solutions are uniformly bounded in a proper subset, we consider the bird and tick populations respectively i.e. N B = S B + E B + I B + R and N T = S T + E T + I T . Let (S B , E B , I B , R) ∈ R
+
and (S T , E T , I T ) ∈ R 3 + be any solution with non-negative initial conditions. By differential inequality, it follows that, 
Existence of steady states

86
The system is in a steady state if, The rate at which a tick bites and infects a bird 2 * (10
The rate at which birds are infected through ingested faeces 0.05
The rate a tick bites a bird and become infected 1.95
The rate of non viraemic transmission between co feeding ticks 3.9 * (10 − 7) α B rate of progression from exposed to infectious class among the bird 0.182 α T rate of progression from exposed to infectious class among the tick 0. 
T we have the steady (equilibrium) state as follows:
The disease free steady (equilibrium) state for the disease is E 0 = (
, 0, 0, 0, Linearizing the system (2.1) we have the Jacobian matrix as
where 
94
Proof. Evaluating J DF at E 0 we have,
The eigen-value of the system are: a,
Hence the disease free steady state is asymptotically stable only if
Thus, for the disease-free steady state to be stable, d > τ B and δ > τ T , in other words, the natural death 96 rate of birds d will be greater than the per capita birth rate of bird τ B and the death rate of tick δ is greater 97 than the per capita birth rate of tick τ T .
98
This means that for the disease to be under control and eradicated within a while from its outbreak, the 99 natural death rate of birds d will be greater than the per capita birth rate of bird τ B and the death rate of 100 tick δ is greater than the per capita birth rate of tick τ T . In this section we investigate the stability of the endemic state E *
Theorem 3.3. The endemic steady (equilibrium) state is locally asymptotically stable if
Proof. Evaluating J at E * E we have
where a =
Hence, the roots of |J − Iλ| = 0 are
This means that the eigen-values of the characteristic matrix are: 
and
From (3.10) we have that,
This means that the endemic steady state is stable if the exposed Tick population at time t, (E T ) is (ii) The product of the ratios of the death rate of tick (δ) and rate of progression from exposed to infectious 129 class among the tick (τ T ) and the difference between the rate of progression from exposed to infectious 130 class among the tick (τ T ) and the death rate of tick (δ) and the sum of the rate of non-viraemic 131 transmission between co-feeding ticks (θ ) and the rate an infected adult female tick reproduces (λ).
132
This means that when the above two conditions are satisfied, the endemic steady state will be stable,
133
that means that the disease will persist at both populations (that is birds and ticks). 
Global stability of the DFE
Using the Next-generation matrix method, the basic reproduction number R 0 for avian Spirochaetosis disease is given as
The basic reproduction number R 0 reflects the infection transmitted from bird to bird (R B ) through 136 infected faces, tick to tick (R T ) through non-viraemic and vertical transmission, tick to bird and bird to tick 137 (R T B ) either by feeding on infected bird or biting a susceptible bird. Proof. A comparison theorem will be used for the proof. Let S B = S T = S. The equations for the infected components of the model (2.1) can be written as
These equations can be simplified as follows
From the proof of the local asymptotic stability, the DFE is locally asymptotically stable when all the eigenvalues of the Jacobian matrix have negative real parts or equivalently when (F V −1 ) < 1. This is equivalent to the statement that all eigenvalues of F − V have negative real parts when R 0 < 1. Therefore the linearized differential inequality is stable whenever R 0 < 1. Consequently, by the comparison theorem, we have
and hence, the DFE is globally asymptotically stable whenever R 0 < 1.
146
The epidemiological implication of the above result is that Avian Spirochaetosis disease can be eliminated 147 from the population if the basic reproduction number can be brought down to and maintained at a value 148 less than unity. Therefore, the condition R 0 < 1 is a necessary and sufficient condition for the disease 149 elimination. Proof. We consider the non-linear Lyaponuv function of Goh-Voltera type for the system
with Lyaponuv derivative given aṡ
At steady states
Substituting the values of τ B and τ T at steady states gives
Simplifying , we have
Collecting terms with
Finally since the arithmetic mean exceeds the geometric mean, it follows that,
Since all the model parameters are non-negative, it follows that L ≤ 0 for R 0 > The epidemiological implication of the result is that Avian Spirochaetosis will establish itself (be endemic)
163
in the poultry whenever R 0 > 1.
4 Analysis of the Optimal Control Model for Avian Spirochaetosis
165
Model
166
The associated forces of infections are reduced by the controls u 1 (t) , u 2 (t) and u 3 (t). The control u 1 (t) Permerthrin used for tick control, administered at tick breeding sites to eliminate specific breeding areas.
172
Our aim is to minimize the exposed and the infectious bird population, the total number of tick population 173 and the cost of implementing the control by using possible minimal control variables u i (t) for i = 1, 2, 3.
174
The objective function is defined as
Subject to the state system (2.2) and initial conditions (2.3). The quantities C 1 , C 2 , C 3 , D 1 , D 2 , D 3 are positive weight constants. The terms C 1 E B , C 2 I B and C 3 N T denote the cost associated in reducing the exposed, infectious and the total tick population respectively. Also D 1 u which satisfy
where,
Existence of Optimal Control
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Theorem 4.1. Consider the objective function of (4.2) with (u 1 , u 2 , u 3 ) ∈ U Subject to the control system of (2.2), there exist and can be written as a linear function of u with coefficients depending on time and state.
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(iv) The integrand of the objective functional
) is convex on u. There exist r 1 , r 2 > 0 and π > 1 satisfying
since the state variables are bounded. Hence we can conclude that there exists an optimal control, which 184 completes the existence of an optimal control. 
Characterization of Optimal Control
186
Pontryagins maximum principle is used to derive the necessary conditions for the optimal control triplet. We is defined as follows; 
with the transversality condition of λ i (T ) = 0 , i = 1, 2, 3, 4, 5, 6, 7. The optimality controls are given 
Proof. The form of the adjoint functions and tranversality condition are standard results from pontryagins maximum principle. The Hamiltonian is differentiated with respect to the states S B , E B , I B , R B , S T , E T , I T respectively, which results in the following adjoint functions.
With λ i (T ) = 0 , i = 1, 2, 3, 4, 5, 6, 7 The characterization of the optimal control is obtained by solving the equations
Solving for each of the optimal control we have,
Therefore, the optimal control u * 1 , u * 2 , u * 3 exists and is characterized by the following:
This implies that the optimal effort necessary to reduce avian Spirochaetosis disease is
5 Results
197
The objective of our numerical simulation experiments will be to better understand the dynamics involved Influence of parameter values on temporal dynamics of the exposed and infected
Population S B (t) E B (t) I B (t) R B (t) S T (t) E T (t) I T (t)
208
birds and ticks population:
209
In Figure 3 , we studied the effect of varying the rate of growth and decay of the state variables. We started 210 by varying α B and d in order to investigate its impact on the population of infected birds in the model.
211
The progression rate from exposed to infectious class among birds α B is varied from 0.1 to 0.5 increasing by as presented in Figure 3b . The results here show that increasing the death rate will significantly reduce the 216 infectious class of birds. Following in Figure 3c , we study the population dynamics of infectious class of of 217 ticks when the progression rate α T from exposed to infectious class among the tick and the death rate of 
The disease free steady (equilibrium) state for the disease isE 0 = (
, 0, 0, 0,
